Homework 7
Due Friday 3/28/2003 at beginning of class

Fowles Problems
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Bonus Problem B.1 (Dominic fromn Car Talk) An engineer is driving a train.
He lets it coast to a stop. He then tries to drive it again. The train is too heavy.
The wheels spin and the train remains motionless. Sand doesn’t help. What
should he do?
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. is the initial mass of the rocket plus unburned fuel, m is the mass at anv time.

T is the speed of the ejected fuel relative to the rocket. Owing to the nature of the

hmic function. it is necessary to have a large fuel-to-pavload ratio in order to attain
ve speeds needed for satellite launching.

AMPLE 7.7.1

- LAUNCHING AN EARTH SATELLITE FROM CAPE CANAVERAL

e know from Example 6.5.3 that the speed of a satellite in a circular orbit near Earth is about

% am /s, Satellites are launched toward the east to take advantage of Earth’s rotation. For apoint
f s the Earth near the equator the rotational speed is approximatelv R, @, ;. which s about

&3 km/s. For most rocket fuels the cffective ejection speed is of the order of 2 to 4 ks,

| For example, if we take V' = 2.5 kin/s, then we find that the mass ratio caleulated from Equa-

gon 779 1s

o o exp(——r — 1) = ey
m v

m achieve orbital speed from the ground. Thus, onlv about 5% of the total initial wmass i, is

parvload.

PROBLEMS

7.1 Asvstem consists of three particles. each of unit mass, with positions and velocities us
follows:

Pt Vi
+ k Vs,

i
k Vs

Find the position and velocitv of the center of mass. Find also the linear momentum of
the system.

(a) Find the kinetic energy of the system in Problem 7.1,

(b) Find the value of me2 /2.

om

(¢) Find the angular momentum about the origin.

A bullet of mass m is fired from a gun of mass M. If the gun can recoil freelv and the
muzzle velocity of the bullet ivelocity relative to the gun as it leaves the bar velis -
show that the actual velocity of the bullet relative to the ground is v,/i1 + ¥ und the
recoil velocity for the gun is —yu, /{1 + y1. where y = /M.

A block of wood rests on a smooth horizontal table. A gun is fired horizontallv at the
block and the bullet passes through the block, emerging with half its initial spced just
before it entered the block. Show that the fraction of the initial kinetic energy of the bul-




296

7.6

7.7

7.8

7.9

7.12

7.13

7.16

7.17
7.18

Chapter 7 DYNAM 1CS OF SYSTEMS OF PARTICLES

lot that is lost as frictional heat is 3 = § . where y is the ratio of the mass of the buliet
to the mass of the block 1y < 1.

An artillerv shell is fired at an angle of elevation of 60° with initial speed tq. At the ==
permost part of its trajectory. the shell bursts into two equal fragments. one of whick
moves directhy upward. relative to the ground, with initial speed ty/2. What is the &-
rection and speed of the other fragment immediatelv after the burst?

A ball is dropped from a height I onto a horizontal pavement. 1f the coefficient of 7
tution is €. show that the total vertical distance the ball goes before the rebounds ces
ishil + €2)/11 — €. Find also the total length of time that the ball bounces.

A small car of a mass m and initial speed v, collides head-on on an icv road with at
of mass 4m going toward the car with initial speed 3 t,. 1f the coefficient of resti
in the collision is ;. find the speed and direction of each vehicle just after colliding
Show that the kinetic energy of a two-particle system is me?, o+ L ue? wherem =
m, + ., tis the relative speed, and u is the reduced mass.

If two bodies undergo a direct collision, show that the loss in kinetic energy is eqm

1
é,u,cz(l — €2}

where u is the reduced mass. v is the relative speed before impact. and € is the coed
cient of restitution,

A moving particle of mass ni, collides elastically with a target particle of massm.
ix initiallv at rest. 1f the collision is head-on. show that the incident particle loses & 3
tion 4u/m of its original kinetic energy. where u is the reduced mass and m = m. '
Show that the angular momentum of a two-particle svstem is

r. X mv, + R X uv

cm cm

where m = m | + iy pis the reduced mass. R is the relative position vector. o
the relative velocity of the two particles.
The observed period of the binary system Cygnus X-1. presumed to be a brigh: sa
a black hole. is 5.6 davs. If the mass of the visible component is 20 M. and the s
hole has a mass of 16 M. . show that the semimajor axis of the orbit of the blacx 3
relative to the visible star is roughly one fifth the distance {rom Earth to the S
(a) Using the coordinate convention given in Section 7.4 for the restricted ths

problem. find the coordinates (x', y”) of the two Lagrangian points. L, an?

(b) Show that the gradient of the effective potential function V(x', iy’ 7 vanishes #
L,and L.

A proton of mass m,, with initial velocitv v, collides with a helium atom. mass =
that is initiallv at rest. If the proton leaves the point of impact at an angle of 43
its original line of motion. find the fnal velocities of each particle. Assume thiee 4
collision is perfecth elastic.

Work Problem 7.14 for the case that the collision is inelastic and that Q 15 eqme
fourth of the initial energy of the proton.

Referring to Prohlemn 7.14. find the scattering angle of the proton in the censes
mass svstem.

Find the scattering angle of the proton in the center-of-mass system for Produes
A particle of mass m with initial momentum p, collides with a particle ot exgua:
rest. If the magnitudes of the final momenta of the two particles are pj and p.



FEMS OF PAET3TZ

e mass of the tvilee

speed v,
.ents. one of artwg
2. What 15 5re 2

st?

1e coetficien: o sl

> the rebounds comm
il bounces.

icv road with 2~
ficient of rest:orsm
it after collid
pt 2 where m =

ic energy is eque m

-and € is the coe®-

e of massm . sk
particle loses 2 a-

ssandm = m. - =,

ion vector. and v =

o be a bright star ang
M. and the blacs

s of the black her
‘th to the Sun.
estricted three-tvs
oints, L, and L.

.y ) vanishes at

tom, mass 4m,

p
angle of 45° witk:
Assume that the

at Q is equal to cne
n the center-of-
o for Problem 7 12

cle of equal mass =

#p; and pj. respe:-

MS

tivelv, show that the energy loss of the collision is given by

Q= Lib; cos Y

m

where # is the angle between the paths of the two particles after colliding.

7.19 A particle of mass nt with an initial kinetic energy T makes an elastic collision with

a particle of mass mn initially at rest. m is deflected from its original direction with
a kinetic energy T} through an angle ¢, as in Figure 7.6.1. Letting @ = my/m, and
y = cos @, show that the fractional kinetic energy lost by, AT/T, = (T, = T VT,
is given by
AT, 2 2y

= - “ly + Vaz + y2 — 1
T, 1l +a g1+a>;y

A particle of mass m, scatters elastically from a particle of mass m, initiallv at rest as
described in Problem 7.19. Find the curve r(é,) such that the time it takes the scat-
tered particle to travel from the collision point to any point along the curve is a constant.
A uniform chain lies in a heap on a table. If one end is raised verticallv with uniform
velocity v, show that the upward force that must be exerted on the end of the chain is
equal to the weight of a length = + (¢ %/g) of the chain, where z is the length that has
been uncoiled at any instant.

Find the differential equation of motion of a raindrop falling through a mist collecting
mass as it falls. Assume that the drop 1‘emdins spherical and that the rate of aceretion is
proportional to the cross-sectional area of the drop multip! ied by the speed of fall. Show
that if the drop starts from rest when it is infinitelv small, then the acceleration is con-
stant and equal to g/7.

A uniform heavv chain of length a hangs initiallv with a part of length b hanging over
the edge of a table. The remaining part. of enﬂtll a = b is coiled up at the edge of the
table. If the chain is released, show that the speed of the chain when the last link leaves

the end of the table is [2g(a3 — b3)/3a%]1?

A balloon of mass M containing a bag of sand of mass m,, is filled with hot air until it be-
comes buoyant enough to rise ever so slightlv above the ground, where it then hovers
in equlhbrmm Sand is then released at a constant rate sucl that all of it is dumped out
in a time t,,. Find (a) the height of the balloon and (b) its velocity when a Il the sand has
been released. Assume that the upward buovancy force remains constant and neglect
air resistance. (¢) Assume that € = my/M is very small. and find a power series expan-
sion of your solutions for parts (a) and (b) in terms of this ratio. (d) Letting M = 500 kg,
my = 10kg, and ¢, = 100 s, and keeping only the first-order term in the e\;pansions ob-
tained in part (c), find a numerical value for the height and velocity attained when all
the sand has been released.

A rocket, whose total mass is m,, contains a quantity of fuel, whose mass is

€, (0 < e < 1). Suppose that, on ignition, the fuel is burnt at a constant mass-

rate k, ejecting gasses with a constant speed V relative to the rocket. Assume that

the rocket is in a force-free environment.

(a) Find the distance that the rocket has traveled at the moment it has burnt all
the fuel.

(b) What is the maximum possible distance that the rocket can travel during the burn-
ing phase?® Assume that it starts from rest.
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7.26 A rocket traveling through the atmosphere experiences a linear air resistance —kv.
Find the differential equation of motion when all other external forces are negligible.
Integrate the equation and show that if the rocket starts from rest. the final speed is
given bve = Ve[l - in/my) =], where V is the relative speed of the exhaust fuel.

a = |kl = constant, m, is the initial mass of the rocket plus fuel, and m is the finaj
mass of the rocket.

7.27  Find the equation of motion for a rocket fired vertically upward, assuming g is constaz.
Find the ratio of fuel to pavioad to achieve a final speed equal to the escape speed ¢,
from the Earth if the speed of the exhaust gas is kv, where k is a given constant. and
the tuel burning rate is {1 . Compute the numerical value of the fuel-pavload ratio x

k =+, and || equal to 1% of the mass of the fuel per second.

COMPUTER PROBLEMS

C 7.1 Let two particles (m, = m, = 1 kg) repel each other with equal and opposite forces
given by

5

F, = k‘Trlz = ~F,
2

whereh = T mand & = 1 N. Assume that the initial positions of ni, and m, are orvew

by, oy 1, = (=10.05 mand vy, y5 0, = (0. =05 m. Let the initial velocity of m,.

be 10 m/s in the +x direction and e, be at rest. Numerically integrate the equaticas

of motion for these two particles undergoing this two-dimensional “collision

(a) Plot their trajectories up to 4 point where their distance of separationis 10 m

(b) Measure the scattering angle of the incident particle and the recoil angle of thae
scattered particle. Is the sum of these two angles equal to 90°2

(c) What is the vector sum of their final momenta® Is it equal to the initial momes-
tum of the incident particle?

C 7.2 Using a numerical optimization tool such as Mathematica’s FindMinimum function
find the coordinates (x". y'’ of the Lagrange point I ; in the restricted three-body prog-3
lem. Do not assume, as vou probably did in Problein 7.13, that L, is located at one o 3
the corners of un equilateral triangle whose opposite base is formed by the two pra-
maries. However. vou should start the search for the coordinates of L, by using a
point near the position of the suspected solution.

C 7.3 The total mass of a new experimental rocket, including pavload, is 2 x 106 ke. and
90% of its mass is fuel. It burns fuel at a constant rate of 15.000 kg/s and exhausts s
spent gasses at a speed of 3000 m/s. Assunie that the rocket is launched verticaliv. i
nore the rotation of the Earth. B
(a) Ignore air resistance. and assume that g, the acceleration due to gravitv, is (oa-

stant. Calculate the maximum altitude attained by the launched rocket.

(b) Repeat part iai. but include the effect of air resistance and the variation of =

altitude. Assume that the rocket presents a resistive surface to air that is eGUI
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