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about Earth. Not only does the perihelion of a satellite’s orbit advance. but the plane
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the orbit precesses if the satellite is not in Earth’s equatorial plane. Detailed analysis . Force ace
these orbits shows that Earth is basically “pear-shaped and somewhat lumpy.” K34 2 partic
=3 st
PROBLEMS
k\l . Find the gravitational attraction between two solid lead spheres of 1 kg mass each if 4 s Fir
- spheres are almost in contact. Express the answer as a fraction of the weight of either b
i ; = 3 N © Ho
sphere. (The density of lead is 11.35 g/cm3.) ’ st
6.2  Show that the gravitational force on a test particle inside a thin uniform spherical she o
is zero e WL
(a) By finding the force directly &35 ain ks

6.4

6.5

6.6

6.7

6.8

6.9

. 6.10.

6.12

(b) By showing that the gravitational potential is constant

Assuming Earth to be a uniform solid sphere, show that if a straight hole were drilled 'b“: 5
from pole to pole, a particle dropped into the hole would execute simple harmonic s - o
tion. Show also that the period of this oscillation depends onlv on the density of Ea ST
and is independent of the size. What is the period in hours? (R, = 6.4 X 106 m. i 2o
Show that the motion is simple harmonic with the same period as the previous prob- 3 ‘:: e
Tt

lem for a particle sliding in a straight, smooth tube passing obliquely through Earth.

°f, ; y T AT
(Ignore any effects of rotation. ) Ingwna

Assuming a circular orbit, show that Kepler's third law follows directlv from Newtoms -; peTIRA
second law and his law of gravity: GMm/r? = mv2/r. g, PR T
% 4 e
(a) Show that the radius for a circular orbit of a synchronous (24-h) Earth satellite & ~ ‘Lf;‘:
about 7 Earth radii. 'v:.;u;r '
(b) The distance to the Moon is about 60 Earth radii. From this calculate the length .
of the month (period of the Moon’s orbital revolution). Trgelse
Show that the orbital period for an Earth satellite in a circular orbit just above Eartmg ni e
surface is the same as the period of oscillation of the particle dropped into a hole dri & Frs
through Earth (see Problem 6.3). woees 2
Calculate Earth'’s velocity of approach toward the Sun, when Earth in its orbit is at am B .
extremum of the latus rectum through the Sun. Take the eccentricity of Earth's orh s sagel
be 1/60 and its semimajor axis to be 93,000,000 miles (see Figure 6.5.1). e G
If the solar system were embedded in a uniform dust cloud of density p, show that o s
law of force on a planet a distance r from the center of the Sun would be given by .
Fir) GMm 4 . & Lz
r o= - — | =mpmGr 2
r? 3)7° =
b L3
A particle moving in a central field describes the spiral orbit r = r,e*¢ Show that tue -
force law is inverse cube and that 8 varies logarithmically with ¢. -
A particle moves in an inverse-cube field of force. Show that. in addition to the eXper o
nential spiral orbit of Problem 6.10, two other types of orbit are possible and give o T
e s

equations.
The orbit of a particle moving in a central field is a circle passing through the origm.
namely r = r, cos 6. Show that the force law is inverse-fifth power.
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6.13 A particle moves in a spiral orbit given by r = 46 1f 6 increases linearly with ¢, is the

. force a central field? If not, determine how 6 must vary with ¢ for a central force.

6.14 A particle of unit mass is projected with a velocity ¢, at right angles to the radius vector
at a distance a from the origin of a center of attractive force, given by

Ifv3 = 9k/2q2,

Nass eact (a) Find the polar equation of the resulting orbit.

aht of izt (b) How long does it take the particle to travel through an angle 377/27 Where is the
_— particle at that time?
:phem;n n.r:{ :

{¢) Whatis the velocity of the particle at that time?

(a) In Example 6.5 4, find the fractional change in the apogee 6ry/r| as a function

of a small, fractional change in the ratio of boost speed to circular orbit speed,
Sleg /e e, /e,

(b) If the speed ratio is 1% too great, bv how much would the spacecraft miss the Moon»

[This problem illustrates the extreme accuracy needed to achieve a circumlunar orbit. |

07 - : Compute the period of Hallev’s Comet from the data given in Section 6.5, Find also the
ATOus o e comet’s speed at perihelion and aphelion.
ngh E o, A comet is first seen at a distance of ¢ astronomical units from the Sun and it is travel-
’ ing with a speed of ¢ times the Earth's speed. Show that the orbit of the comet is hv-
2 Newm o perbolic, parabolic, or elliptic, depending on whether the quantity ¢ 2d is greater than,
: _equal to, or less than 2, respectively.
e A particle moves in an elliptic orbit in an inverse-square force field. Prove that the prod-

uct of the minimum and maximum speeds is equal to (2ma/7)2, where q is the semi-
major axis and 7 is the periodic time.

Ata certain point in its elliptical orbit about the Sun, a planet receives a small tangential
impulse so that its velocity changes from v to ¢ + §v. Find the resultant small changes

hene ot : in a. the semi-major axis.
3 4 b el (a) Prove that the time average of the potential energy of a planet in an elliptical orbit

about the Sun is —k/q,

(b) Calculate the time average of the kinetic energy of the planet.

A satellite is placed into a low-lying orbit by launching it with a two-stage rocket from
Cape Canaveral with speed v; inclined from the vertical by an elevation angle 8,. On
L reaching apogee of the initial orbit, the second stage is ignited, generating a velocity
men ‘

boost Ar, that places the payload into a circular orbit (see Figure P6.21)

{a) Calculate the additional speed boost Av, required of the second stage to make the
final orbit circular.

o tbi Calculate the altitude k of the final orbit. Ignore air resistance and the rotational
T T motion of the Earth. The mass and radius of the Earth are M, = 5.98 x 1024 kg
and R; = 6.4 X 103 km, respectively. Let ¢, = 6 km/s and 6, = 30°
Find the apsidal angle for nearly circular orbits in a central field for which the law of
foree is



ellite in a circular orbit.

6.23

6.24

6.25

6.26

6.27
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Figure P6.21 Two-stage launch to place sat-
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is the
angle
If the solar svstem were embedded in a uniform dust cloud tsee Problem 6.9, what 6.31 Ao
would the apsidal angle of a planet be for motion in a nearly circular orbit? This was recti
once suggested as a possible explanation for the advance of the perihelion of Mercury i
Show that the stability condition for a circular orbit of radius ¢ is cquivalent to the con- Vect
dition that d2U/dr2 > 0 for r = a. where Utrl is the effective potential defined in Sec-
tion 6.11.
Find the condition for which circular orbits are stable if the force fimction is of the form:
- k € whe
fu, = e o App
(a) Show that a circular orbit of radius r is stable in Problem 6.22 if r is less than b~ -
(b) Show that circular orbits are unstable in an inverse-cube force field.
A comet is going in a parabolic orbit lving in the plane of Earth’s orbit. Regarding Earths
orbit as circular of radius a. show that the points where the comet intersects Farth's C 6.1 L
orbit are given by -
2p f
cos @ = -1 + — t
a 3 ,
E: d

6.28

where p is the perihelion distance of the comet defined at 8 = 0.
Use the result of Problem 6.27 to show that the time interval that the comet remains

inside Earth’s orbit is the fraction

o112 2 b2 '
212 (2p 1) (1 _ ﬁ) ] .
3m\a a 3

$ 2/37 vear. or 77.5 davs.

= ().64

of a vear and that the naximum value of this time interval i
corresponding to p = a/2. Compute the time interval for Hallev’s Comet . p
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Inadvanced texts on Potential theory, it is shown that the potential energy of a particle
of mass m in the gravitational field of an oblate spheroid, like Earth, is approximately
k €
Virk= —<{1 + -
r r

where r refers to distances in the equatorial plane, k = Gafm, as before, and e =

2/3R AR, in which R js the equatorial radius and AR is the difference between the
equatorial and polar radij From this, find the apsidal angle for a satellite moving in
anearly circular orbit iy, the equatorial plane of the Earth. where R = 4000 miles and
AR = 13 miles.

According to the special theoz'y ofrelati\'ity, a particle moving in a central field with
potential energy Vi) wi] describe the same orbit that a particle with a potential energy

[E — V(r]?

Vir -
2mc?

would describe according to nonrelativistic mechanics. Here E is the tota] energy. my,
is the rest mass of the particle, and ¢ is the speed of light. From this, find the apsidal
angle for motion iy ~k/r

A comet is obscrved to have o speed ¢ when it s a distance r from the Sun, and its dj-
rection of motion mukes aitangle ¢ with the radius vector from the Sun. Show that the
major axis of the clliptical orbit of the comet nuukes an angle 6 with the injtia] radius
vector of the comet given by

an inverse-square forcee field, Viri

0 = cot-! m

tan ¢ —

cse 26

where V= v and R rla, are dimensionless ratios as defined in Example 6.10.1.
Apply the result to the numerical values of Example 6.10.1,

COMPUTER PROBLEMS

In E.\'umple 6.7.2 we caleulated the gravitational potential at
ring of matter of mass 1 and radius R, p
tance » > R from its center,

a point P external toa
was in the same plane as the ring and a dis-
Assume now that the point P is at a distance r < R from

the center of the ring but still in the same plane.

(al Show that the gravitational potentia) acting at the point r due to the ring of mass
is givey Iy
GM r
P = _ \( ] - -+
R 4R
Letr = rading of Earthsoriir = 1 406 I m R = radins of Jupiter's orbit =
TS ass of Jupiter = 1.90 « 192" kg. Assumie that the average

of a umiform
whose 3

v b bpeter oo Earth i equivalent to tha
= whese mmwsequaémﬁmo{jwaﬁ
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