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CHAP. 8] LAGRANGIAN TREATMENT OF RIGID BODY DYNAMICS 159

Example 8.14.  FEquutions of motion of « top.

Imagine the body, Fig, 8-16, replaced by a top with the tip stationary at O and its axiz of symmetry
along Z. Take X, Y. 7 axes shown as body-fixed.
Since [, = {, and O is at rest, T simplifies and L may be written as
.

L= Laes 4 ypdsin?e) + Lo+ cos g2l — Myrceosy

where M is the total mass and »r the distance along the axis of symmetry from O to ¢, Anplying

Lagrange’s equation, the following equations of motion are obtained.

Foo + U~ L) cose+ Lglysing = Mgrsing
I.igceoso -+ = P, = constant (§.13}
I.ysinte + Pyeose = Py, = constunt

Detailed treatments of these equations, which may be found in many books, will not be repeated here.
See, for example: Gyrodynaniics wndl its Engincering Applications by T N. Arnold and L. Maunder.
Chapter 7, Academic Press, 19610 or 4 Treatise on Gurostaties and Rotational Maotion by Andrew Gray,
Chapter V, The Macmillan Co.. 1918, The latter book gives extensive treatments of tops, gyvroseopes, ete.

Example 8.15.  Kiuctic encryy of top with tip free to slide on the smeath Ni Yy plune.

Assuming body-fixed axes as in Example 814 and locating O ithe tip) by (@ i), the tivst term of
(8.10) is merely 7_1,;’”(:.;?‘,1 +53).  Expressions for wg,w,e. are as before. Hence the scoond term s
}[1_,(53 -+ \23 sin®9) -+ I:(«; “lees?f. Since &= =0, &=, the third ternm: of T veduees to
Mrivyw, — vogery]l An which vy, vy, must be ('omp(montq of v, along the instantaneous divections of A, Y
respectively. That is, vy, = Dy + Gietys, Toy = Tyay F Jrge. Note that g, is not required. Introducing
these and expressions for v, o, completes the third term.

Equations of motion corresponding te xy, iy, 9.y, ¢ can be obtained at once. Note that, assuming the
XY, plane smooth, the reactive force on the tip will not appear in the generalized ﬂmv

An alternative method of obtaining T, requiring perhaps less tedious worl, is the following. Imagine
g4, g g B

bodyv-fixed axes taken as above but with origin at em. Since & 7 g =% = 0, the third term of (5.10)

y /

drops out. v., not so simple as before, may be obtained from the following refations. Courdinates w, vy, ¢
th I

of the origin of hody-fixed axes relative to the X,,) ,,/ frame are x = ;b ray, § T Y T Vg, 7 Yoy,

. . . . . . o N ;
Differentiating and substituting into v, = /» -+ z~ we have an appropriate expression for vj. Heuce
g 3 v I i
p . TS P T
T = 2J/[LU + 2—[11 wp

where «;, vy, w, are the sanie as in the first part of the ex 1mple and I I are principal moments of inertia
. . 2 .. N
through e.m. (As a third method we can write gy = X% -+ g E e sint )
8 0

Example 8.16. Kinetic cporgy and equations of motion of the gyroscupe.
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